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Introduction

OME of the most efficient numerical methods available
for generating solutions to compressible flow problems
utilize a technique known as approximate factorization in
their construction. Examples of such methods include alter-
nating direction implicit (ADI)!»? and lower-upper (LU)? meth-
ods. Previously, these methods were used primarily to study
nonreacting flows in which the turbulence can be modeled by
algebraic turbulence models such as the Baldwin-Lomax
model. More recently, these methods have been used to study
chemically reacting flows* and flows in which the turbulence
needs to be modeled by more sophisticated approaches, such
as the two-equation k-e model.>¢ For these latter problems,
the governing equations contain source terms (i.e., nondiffer-
entiated terms), whereas the previous problems do not.
When there are source terms in the governing equations, it
is not clear in which factor the source terms should be placed
after approximate factorization. Several different methods
can be used to handle this situation. The objective of this Note
is to examine these different methodologies in terms of ap-
proximate factorization error and to make a recommendation
as to which method is the best.

Methodologies for Handling Source Terms

To illustrate the different methods for handling source
terms in conjunction with approximate factorization, consider
the Euler equation with an arbitrary source term:
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In Eq. (1), u is a vector of conserved variables; E, F, and G
represent fluxes of mass, momentum, and energy in the x, y,
and z directions, respectively; and § = S () is the source term.

Suppose that Eq. (1) is supplied with appropriate boundary
and initial conditions, and that the domain is discretized so
that the time-step size Af and grid spacings Ax, Ay, and Az are
all constants. By using the Euler implicit time-differencing
formula, Eq. (1) can be written as

[/ + At(D,A + D,B + D.C + H)JAuly' =RHS  (2)

where ufly = u(nAt, iAx, jAy, kAz); n, i, j, and k are non-neg-
ative integers; Au"*!=u"*'-y"; D, =93/3x; D; =43/dy;
D, = 3/dz; Tis a unit matrix; 4 = (0E/du)"; B = (3F/ou)";
C =(0G/du)"; H = (3S/0u)"; and
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Equation (2) can be approximately factored in several dif-
ferent ways. Here, we shall illustrate the method for handling
source terms by factoring according to eigenvalues as is done
in the LU method. By using the LU method (i.e., flux-vector
splitting followed by upwind differencing), Eq. (2) becomes

U+ At(L + U + HDlAuft' = RHS 4

where
L=38A* +8B* +8C~ o)
U=8A- +8B- +8,C- 6)

In Egs. (5) and (6), 6 and & are backward and forward
difference operators, respectively; W =W+ + W~ , where W
is A, B, or C; and W= = 0.5[W = p(W)], where p(W) is the
spectral radius of W. Other ways of defining W * are possi-
ble; see Refs. 7 and 8.

If the source term H in Eq. (4) is zero, then LU factoring of
Eq. (4) readily gives

(I + ALY + AtU)Auy™ ' = RHS Q)

Now, the question is if the source term H is nonzero, then
where should it be placed? Several alternatives are possible;
three of them are as follows:

Method 1:

[7 + At(L + HDI[T + AtU)Aufy™ ' = RHS (8)



1760 AIAA JOURNAL

Method 2:
(I + AtHY(I + AtLYI + AtU)Aufyt ' = RHS )
Method 3:
(N + AtL)N (N + AtU)Auli ' = RHS
N=1+AtH (10)

Note that method 3 is implemented in the following sequence:
(N + AtL)Aujy = RHS and (N + AtL)Auli ' = N Augy.

Most investigators use method 1 given by Eq. (8)* because
of either simplicity or computational efficiency. If the source
term H is stiff, then using method 2 given by Eq. (9) may be
even more efficient. This is because the factor associated with
the source term can be called many times (e.g., m times by
using a time step of Atz/m) before a single call is made to the
other two factors. This approach would be similar to the
time-split method of MacCormack.® The ideas utilized in
method 3 given by Eq. (10) has been used to construct diago-
nalized LU schemes*?®; however, these same investigators did
not use the concepts in method 3 to treat source terms, pre-
sumably on the grounds of efficiency.

Here, we note that efficiency is not the only criterion for
evaluating numerical methods. Accuracy and robustness are
others. In the next section, we examine the errors introduced
by these three methods for handling source terms.

Error Analysis

The three methods given by Egs. (8-10) for handling source
terms produce different approximate factorization errors.
This error needs to be small if transient solutions are of
interest. This error also affects the stability and, hence, the
robustness of the algorithm. In the following, we compare the
three methods for handling source terms on the basis of this
error.

The approximate factorization error in method 1 given by
Eq. (8) is

E. =Eq. (8) — Eq. (4) = At(LU + HU)AufH!

By taking the second norm of this equation, we can readily
show that the relative error due to the approximate factoriza-
tion is bounded by

€art = WE /1Al ' < AZ2QILUN + IHUN) an

Similarly, bounds on the relative errors created by methods
2 and 3 given by Eqgs. (9) and (10) are given by

€an2 = 1Eupll /N Auf Ul < AC[ILUN + IH(L + U)]
+ ABILUHN (12)
€ars = I E,ll /N Aufy VIl < AN~ HI*ILUN 13)

By comparing Eq. (11) with Eq. (12), it can be seen that
€af] < €a52. Thus, treating source terms according to method 1
given by Eq. (8) produces less approximate factorization er-
rors than those produced by method 2 given by Eq. (9).
However, for both methods 1 and 2, Egs. (11) and (12) indi-
cate that the upper bounds on approximate factorization er-
rors are directly proportional to IH Il. Since IH Il can be quite
high, this implies that the approximate factorization errors
produced can be quite significant when either one of these
methods is used.

In order to compare methods 1 and 2 with method 3, we
assume that the source term H is positive definite. When this
is the case, IN ~ 'l = p(N =) = pl{ + AtH) '], but p(N ~ 1) =
1/ {minimum |A\y|} = 1/ {minimum|1 + Afhy|}, where Ay and
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Ay are the eigenvalues of N and H, respectively. If H is
positive definite, then the smallest eigenvalue of H is bounded
by zero so that

IN-Tl=t ' 14
With Eq. (14), Eq. (13) becomes
€ary = 1 Expal/NAufly Pl < ALILUN (15)

With Eq. (15) derived, we can compare the approximate
factorization error produced by method 3 with those produced
by methods 1 and 2. By comparing Eq. (15) with Eqs. (11) and
(12), it can be seen that, of the three methods presented for
treating source terms, method 3 produces the least amount of
approximate factorization error. In addition, it is important to
note that Eq. (13) and (14) indicates that, for method 3, the
source term reduces approximate factorization error instead
of increasing it as do the other methods.

This comparison assumed H to be positive definite. If H is
not positive definite, then

IN-U=II+AtH) ' =T - AtH

+(AtHY — - - - T = T — AtH

Substitution of this equation into Eq. (13) gives
€ars < AN — AtHIFILUN < AFPILUN + ABITHIFILUN (16)

Comparing Eq. (16) with Egs. (11) and (12) again shows that
method 3 produces less approximate factorization errors than
those produced by methods 1 and 2.

Summary

This Note discussed and evaluated three methods for treat-
ing source terms in schemes which utilize approximate factor-
ization. It was noted that methods 1 and 2 can lead to more
efficient algorithms. This is especially true if factors that do
not contain source terms can be diagonalized. However, in
terms of approximate factorization error, method 3 was
shown to be the best because it produces the least amount of
this error when compared to the other methods presented.
Accordingly, method 3 may be preferred when the norms of
source terms are large and transient solutions are of interest.
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